RENORMALIZABILITY CONDITIONS FOR 
ALMOST COMMUTATIVE MANIFOLDS 



WALTER D. VAN SUIJLEKOM 

Abstract. We formulate conditions under which the asymptotically expanded spectral 
action on an almost commutative manifold is renormalizable as a higher-derivative gauge 
theory. These conditions are of graph theoretical nature, involving the Krajewski diagrams 
that classify such manifolds. This generalizes our previous result on (super) renormalizability 
of the asymptotically expanded Yang-Mills spectral action to a more general class of particle 
physics models that can be described geometrically in terms of a noncommutative space. In 
particular, it shows that the asymptotically expanded spectral action which at lowest order 
gives the Standard Model of elementary particles is renormalizable. 



1. Introduction 

Over the past few years it has turned out that many particle physics models can be 
described geometrically by modifying the internal structure of spacetime, making it slightly 
noncommutative. Indeed, there are so-called almost commutative manifolds that allow for a 
geometrical derivation of Yang-Mills theory [HI [I], or even the full Standard Model, including 
Higgs potential and neutrino mass terms [H [HI [IS]- Theories that go beyond the Standard 
Model were described in [271 EH ESI ED] • Also supersymmetric models such as = 1 super- 
Yang-Mills theory and supersymmetric QCD have been derived geometrically [3111]. 

The basic idea in all these examples is that one describes an almost commutative mani- 
fold by spectral data, and then applies a general spectral action principle to derive physical 
Lagrangians. This paper continues on some of our recent results on renormalizability of the 
asymptotically expanded spectral action considered as higher-derivative theories: in [301 129] 
we have shown that the Yang-Mills model is superrenormalizable as a gauge theory by ob- 
serving that the asymptotically expanded spectral action contains natural higher-derivative 
regulators. We stress the importance of taking an asymptotic expansion, as it allows for a 
derivation of local Lagrangians, in contrast to eg. [TS|. There, the full spectral action was 
considered as a non-local field theory, behaving completely differently for large momenta. 

In the present paper, we will formulate conditions for almost commutative manifolds 
that render the (asymptotically expanded) spectral action renormalizable as a gauge theory; 
even superrenormalizable in special cases. We show that these conditions apply to the 
aforementioned physical models. A convenient way to express our conditions is in terms of 
cycles in Krajewski diagrams [21] for the finite noncommutative geometries. 

As we proceed, we note that the asymptotically expanded spectral action considered as a 
higher-derivative gauge theory is not multiplicatively renormalizable. This is in concordance 
with the interpretation of the spectral action as defining a physical theory at one particular 
mass scale, as already proposed in [5l For the Standard Model this mass scale is the GUT 
scale. 
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This paper is organized as follows. In Section [2] we recall some basic definitions from 
noncommutative geometry, specializing to almost noncommutative manifolds of the form 
M X F: a product of an ordinary Riemannian manifold M with a finite noncommutative 
space F. We recall Krajewski's diagrammatic classification and formulate a notion of R- 
connectedness; it will be related to renormalizability later on. We derive the gauge and 
scalar fields as a consequence of the noncommutative structure of M x F. Essentially, these 
are coefficients for a twisted Dirac operator D. 

In Section [3] we define the spectral action for M x F as 

Tr/(D/A) 

for some positive function / and a cutoff parameter A. This is considered as an action 
functional in the gauge and scalar fields. We derive the lowest-order terms in an asymptotic 
expansion as A — > oo, as well as the terms at any order in A but quadratic in the fields. 

In Section |4] we introduce a gauge fixing for almost commutative manifolds, much inspired 
by 't Hooft's -Rg-gauge fixing for models with spontaneous symmetry breaking. This allows in 
Section [5] for a power-counting argument to show that the asymptotically expanded spectral 
action on Mx F is (super)renormalizable. Using results from the relevant BRST-cohomology, 
this is then completed to show renormalizability as a gauge theory, provided the Krajewski 
diagram for the finite space F satisfies a certain graph-theoretical property, namely, the 
aforementioned R-connectedness. In particular, this applies to the asymptotically expanded 
spectral action that at lowest order is the Standard Model of elementary particles. 
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2. Almost commutative manifolds 

The object of study in this paper is the spectral action ^ for almost commutative man- 
ifolds. As a motivating example, let us start with a description of ordinary, commutative 
manifolds in terms of purely spectral data. Suppose M is a compact Riemannian spin man- 
ifold, with a spinor bundle S. Then the Hilbert space L'^{M,S) of its square-integrable 
sections sets the stage for such a spectral description. The Dirac operator Dm = i'J^ o V]^ 
associated to the metric via the Levi-Civita connection V"^ lifted to the spinor bundle de- 
fines a self-adjoint operator on L^(M, 5). Ellipticity of Dm as a differential operator and 
compactness of M imply that the resolvents of Dm are compact operators. Finally, the Dirac 
operator is compatible with the action of the coordinate functions: the action of functions 
/ G C°°(M) on L^(M, 5) by pointwise multiplication has bounded commutators [Dm, /]• 

If the manifold M is of even dimension m, there is a grading (chirality) 74/, making Dm 
an odd operator. Finally, spin-manifolds are selected out of spin'^-manifolds by the charge 
conjugation operator: it is an anti-linear operator Jm '■ L'^{M,S) — > L'^{M,S). 

This canonical 'triple' {C°^{M), L'^{M,S), Dm'i'Jm, Jm) motivates the following abstract 
definition of a spectral triple [8]. 
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Definition 1. A spectral triple (AjHjO) is given by an unital *- algebra A represented 
faithfully as operators in a Hilbert space T-L and a self-adjoint operator D such that 
is a compact operator and [D, a] bounded for a ^ A. 

A spectral triple is even if the Hilbert space H is endowed with a T, 121,- grading 7 such that 
[7, a] = and {7,^'} = 0. 

A real structure of KO -dimension n E^L/KL on a spectral triple is an antilinear isometry 
J : T-L ^ Ti such that 

= e, JD = e'DJ, J7 = e"'jJ (even case). 
The numbers e,6',e" G { — 1, 1} are a function of n mod 8; 
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Moreover, with b^ = Jb*J ^ we impose that 

[a,6°] = 0, [[D,a],6°] =0, ya,beA, 

A spectral triple with a real structure is called a real spectral triple. 

Thus, the real structure gives "H the structure of an ^-bimodule. In other words, the 
algebra A^ A° acts on "H, where A° is the opposite algebra to A. 

Definition 2. Let [A^l-L^D) be a spectral triple. The A-bimodule 0/ Connes' differential 
one-forms is given by 

In the case of the canonical triple, Clifford multiplication establishes an isomorphism (cf. 

n\M)c^n\,jc^iM)). 

Besides the canonical triple for a Riemannian spin manifold M, there is the following class 
of simple examples. 

Definition 3. A finite real spectral triple is a spectral triple for which the Hilbert space is 
finite dimensional. We will write such a spectral triple suggestively, 

F := {Af,Hf,Df;1f,Jf) 

Example 4. The algebra M„(C) of complex n x n matrices acts on itself by left and right 
matrix multiplication; this gives rise to a finite real spectral triple 

{Af = M„(C), Hf = M„(C), Df = 0;Jf = (■)*)• 
This example is closely related to Yang-Mills theories (cf. 
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Example 5. The noncommutative description of the Standard Model is based on the real 
algebra 

Af = C©e©M3(C). 

It is represented on C^^, where 96 is 2 (particles and anti-particles) times 3 (families) times 
4 leptons plus 4 quarks with 3 colors each. Finally, there is a 96 x 96 matrix Dp, a grading 
and real structure Jp, which are explicitly described in [Hin]; they constitute a real spectral 
triple of KO- dimension 6. 

We will be interested in a combination of Riemannian spin manifolds and such finite 
triples. 

Definition 6. An almost commutative manifold (AC manifold) is given by the tensor product 
of the canonical triple and a finite spectral triple: 

MxF:= (C°"(M) ® Ap, L\M, S) ® Hp, Dm ® 1 + 75 ® ^f) 

The picture one should have in mind is that of Kaluza-Klein theories, where the spacetime 
manifold was extended by an extra dimension. In the present case, this extra dimension is 
a finite noncommutative space. 

2.1. Classification of finite spectral triples. We follow the work of Krajewski [21] where 
a diagrammatic way was introduced to classify finite real spectral triples, given by quintuples 
{Ap, Hp, Dp]jp, Jp). We formulate these diagrams in slightly different terms. Recall that 
if M is an Aj^-bimodule, the contragredient Ap-bimodule M° is defined by 

M° = {m : m e M} 

with action m ^ afnb = b*ma* for all a,b & AF,m G M. In particular, if M is a left 
ylj?- module, M° is a right Ap-module. 

The structure of Ap can be determined explicitly from Wedderburn's Theorem: 

(1) Ap^^M,X¥.). 

i=l 

for some ki, . . . ,ki^ and Fj = M, C or EI depending on i. 

In the following, we will denote by r'^^-' and T^^^ the vertex and edges sets of an oriented 
graph r with source and target maps s,t : T^^^ — )■ r*^°^ Also, we indicate by {V1V2) an edge 
between vertices vi and V2- 

Definition 7. Given a finite- dimensional algebra Ap = ^^M^. (Fj), a Krajewski diagram 
for Ap of KO- dimension n is an oriented decorated graph T with the following properties 

(1) Edges between two vertices come in pairs with opposite orientation: if e = (f if 2) is 
an edge, then there also exists an edge e = (f2fi) and these come in pairs. 

(2) Each vertex v is decorated by an irreducible Ap-bimodule together with a choice 
of basis, i.e. M„ = C"" ® C"^"° for some ny,my G {ki, . . . , k^}. 

(3) Each edge e is decorated by a (non-zero) first-order operator D^, : Ms(e) — )■ Mt[e), i-^- 
such that 

De{amb) = aDe{mb) + De{am)b — aDe{m)b; (a, b G Ap, m G M„), 
and De = Dl. 
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(4) There is an involutive graph automorphism j : F — )■ F such that Ujiy) = for all 
V E T^^\ In other words, Mj(^y) = M°. If Jy : My — )■ M° is the anti-linear map 
that assigns to a himodule its contragredient bimodulej^ we demand that for an edge 
e = {V1V2): 

In the even case, there is an additional labeling on the vertices by signs ±1 and the edges 
connect only vertices of opposite signs. Moreover, if v has sign ±1, then j{v) has sign ±e". 

Usually, one depicts a Krajewski diagram as embedded in the plane, with the columns and 
rows labeled by the integers fcj that appear in the decomposition ([T]) of . One places a 
node at [uy, rriy) for each vertex in F with My = C""" (gjC™"". The pairs (e, e) of oriented edges 
in F are indicated by a single line in the planar diagram, which by (3) run only horizontally or 
vertically. The graph automorphism j translates as a reflectional symmetry of the diagram 
along the diagonal (with the labeling ±1 mapped to ±e"). 

■■• ki ■■■ kj ■■■ 



k° 



Figure 1. The lines between two nodes represent a non-zero : C"=('=) ® 
C^t-) (g) C^'i-), as well as its adjoint De : C"'(=) (g) C""**-) C'^f-^) (g) 
([^™s(e) 'jj^e non-zero components I^j(e) and -Dj(e) are related to ±De and e'De- 

Given a Krajewski diagram F = (F^^-*, F^^^) for Ap, we construct a finite spectral triple for 
the algebra Ap as follows. We define 

Hf= = C"" ® C"^"° 
on which Ap acts on the left. The real structure Jp is the sum of operators 

Jy-.My^ Mj^yy 

The Dirac operator Dp is the sum of the operators 

This defines a symmetric linear operator because = D*. Finally, in the even case the 
signs on My give rise to a grading '^p on Hp for which Dp is odd and the left action oi Ap 
on Hp is even, and such that --ypJp = e" Jp-^p. 

Actually, this is slightly more subtle in the case of KO-dimension 2,3,4, or 5; in that case, one needs two 
vertices wi, V2 and one has two maps : Af^j — Mj(^y^-^ and Jy^ ■ — )■ Mj(^y-^^ that satisfy Jj^^^^oJ^^ — — 1. 
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Example 8. The Krajewski diagram for the Standard Model is depicted in Figure \^ It 
indicates the precise structure of Hp = C^^ as a representation space of Ap = C©EI© 
M3(C). The double appearance of the row and column 1 accounts for the multiplicities of the 
corresponding representations in Hp. The nonempty blocks in the matrix Dp are indicated 
by the dotted and straight lines, reflection along the diagonal gives Jp, and 'jp is of opposite 
sign when reflected along the diagonal (KO- dimension 6). 



12 113 




Figure 2. The Krajewski diagram of the Standard Model 

Krajewski has shown in [21j that there is a one-to-one correspondence between such di- 
agrams and finite real spectral triples modulo unitary equivalence (related to the choice of 
basis on M^). We recall from loc. cit. a useful result for the Dirac operator. 

Lemma 9 ([21j). Let {Ap, Hp, Dp;'yp, Jp) be a finite real spectral triple. There is a decom- 
position Dp = Dq + A + JpAJp^ where Dq commutes with the action of Ap Ap and A 
commutes with the action of A°p. Moreover, 

(2) ^ = -f g[^,g*W{g)- 

Ju{Af) 

where dfi is the Haar measure on the Lie group U{Ap) consisting of unitaries in Ap. 

Proof. If r is the Krajewski diagram corresponding to {Ap, Hp, Dp;'yp, Jp) then we can 
decompose D = J2eDe with each De : M,(e) Mt^e)- As before, write M„ = C"" ® C™"° for 
all V. We denote by Dq the sum of such operators for which ns(e) = nf(e) and ms(e) = rnt(e)- 
If this is not the case, then since any first-order operator such as D^ splits into left Ap- 
linear and right Air-linear components we have that either ns{e) = '^t(e) or ms(e) = fnt{e)i 
respectively. It is clear that Dp — Dq is the sum of these, so we define the right A^-linear 
(or left A°p-\uieax) operator 

A= D, 



Then JpAJp^ gives the remaining sum over all edges e for which ns{e) = nt(e), showing 
Df = Do + A + JfAJ^\ 

For the integral formula (|2]), we compute the matrix coefficients of the difference between 
the left and the right-hand side in Eq. ^ in terms of a basis of the Hilbert space Hp. We 
decompose 

i/^ = 0M, = 0C"^ ® C"^.°; (« = 1, . . . ,n„,/3 = 1, . . .m,) 

V V 

and write {e"^} for the corresponding basis. Then, 

\ Ju{Ap) I JU{Ap) \ / ^ ' \ / 

where we sum over all repeated indices and where A"^"^ .5^'^^''^ are the matrix coefficients of 
(the right A^-linear) A(^^,2^j) : M^^ — >■ M^^. Next, 

in terms of the defining matrix coefficients gvi"^ oi g G U{Ap) in the representation C""i. 
Note that this is a representation of U{Ap), since U{Ap) ~ Y[iU{ki,¥i). This turns the 
above integral into 

Jvi{Ap) 

by the Peter-Weyl Theorem. However, A(^y2vi) maps between different irreducible represen- 
tations of U{Ap) which implies the vanishing of the above expression and completes the 
proof. □ 

We will now formulate a condition on Krajewski diagrams that below will turn out to 
characterize renormalizable models. Let F be a Krajewski diagram for Ap. We construct 
a graph F whose vertex set F*^*^-* is the set of inequivalent irreducible representations of Ap, 
or, of the Lie group U{Ap). In other words, F*^°) is the set {ki, . . . , kjy} appearing in the 
decomposition Q. The set of edges for F is defined as 

F*-"^-' := {{n,n') : 3e G F*-"*^-* such that r2s(e) = n and ?T,j(e) = n'} 

There is a map of graphs ip : T T defined as follows. For a vertex v G F^^^ we set 
4'{v) = Uy G F^^^); for an edge e G F*^^) we set 

Essentially, the graph F is the projection of the Krajewski diagram F onto the horizontal 
axis. By symmetry, F is also the projection of F onto the vertical axis; this corresponds to 
pre-composing ip with the graph automorphism j : F — )■ F. 

Adopting the usual terminology from graph theory, we will refer to an edge with the same 
source and target vertex as a loop; a cycle is a path which begins and starts at the same 
vertex, but with no other repeated vertices {i.e. it does not contain loops). 
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Definition 10. In the above notation, a lift along ifj of a cycle 'y = ci ■ ■ - em of length m 
in r is a cycle ei ■ ■ ■ e; of length I > m such that the path ip{ei) ■ ■ ■ il){ei) coincides with 7 
modulo loops. 

Figure [3] illustrates such a 'horizontal lift' of graphs; similarly, we can define a vertical lift 
by using the map ip o j. 




Figure 3. The cycle in F at the left-hand side is a lift along ip of the cycle 
in F at the right-hand side (we have suppressed the loops at the two vertices). 



Definition 11. We say that a Krajewski diagram F is R-connected in dimension m if 

(1) every cycle 'j in T of length less than m can be lifted along ip to a cycle 7 in T, 

(2) every two cycles 71,72 of total length less than m, which are not connected to a 
common vertex 1 or 1 in T, can be lifted to a single cycle 'j in T along ip and ip ° j > 
respectively, i.e. 

V'(7)~7i; ^(j(7))~72 

where ~ denotes equivalence of cycles in F modulo loops. 

(3) For r > 3, there are no tuples 71, . . .7^ of cycles of total length m, which are not 
mutually connected to a common 1 or 1. 

Note that the last condition is trivially satisfied in the case m < 4, since every cycle has 
length at least 2. The case m = 4 happens to be our case of interest. 

Proposition 12. The Krajewski diagram of the Standard Model (Figure^ is R-connected 
in dimension 4- 

Proof. Indeed, the graph F is given by 

2 1 T 3 

where we have suppressed the loops. Every cycle and every pair of distinguished cycles in F 
of total length 4 can be lifted to a single cycle 7 in the Krajewski diagram of Figure [2j The 
pair consisting of two copies of the cycle (12) (21) (going back-and-forth between 1 and 2) 
have a common vertex 1. For this reason, they do not enter in Condition (2) (which, in fact, 
they would not satisfy). The concatenated cycle (12) (21) (12) (21) (going back-and-forth 
twice between 1 and 2) is of length 4, and was already treated (cf. Condition (1)). A similar 
argument applies to the cycle (12) (21). □ 

Example 13. Let us give an example of a Krajewski diagram which is not R-connected (in 
dimension 4 )■ Consider 
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X° o o o 



3° A 

Indeed, the pair of cycles {(12) (21), (13) (31)} obtained by going back and forth along the 
left and right edge in T does not lift to a cycle in T. 

2.2. Gauge fields from AC manifolds. Let us now describe how noncommutative man- 
ifolds naturally give rise to a gauge theory (cf. [HI Section 10.8]). For simplicity, we will 
restrict to almost commutative manifolds, so that {A,T-t,D) will always denote M x F, i.e. 

{A,n,D) = {C^{M,Af),L\M,S)^Hf,Dm^I + 1m^Dp). 

for some finite spectral triple F = {Ap, Hp, Dp; •yp, Jp). 

Definition 14. Denote byU{A) the group of unitaries of A. The gauge group of M x F is 

given by 

SU{A) = {ue U{A) : deipu = 1} 
where the determinant is taken pointwise in the representation Hp. 

The group SU{A) acts naturally on the Dirac operator D by conjugation, as well as on 
the representation of ^ on a i— )■ uau*. If there is a real structure, then we transform 

D ^ UDU\ 

with U = uu*° = uJuJ^^. This suggests that we should rather take the image of SU{A) 
under the map u ^ uu*° . Indeed, in [l4j the gauge group was defined in this way, leading 
to a quotient of SIA{A) by an abelian group. Since in most of our examples the latter group 
will be finite, it will be ignored in what follows. 

Proposition 15. Let M x F be an almost commutative manifold as above and write 

N 

Ap = ^MkX^i)- (F, = M,Core). 
j=i 

(1) The gauge group of M x F is given by SU{A) = C°°{M,SU{Ap)) . 

(2) The Lie algebra 5u{ A p) of SU{Ap) is isomorphic to 

N 

su(^) ^05u(A;i)©u(l)®(^-^) 

i=l 
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where C is the number of complex algebras in the above decomposition of Ap and 
5u{ki) denotes o{ki),5u{ki) or 5p{ki) depending on whether ¥i = M, C orH, respec- 
tively. 

Consequently, there is a one-to-one correspondence between irreducible representations of the 
algebra Ap and of the Lie algebra su{Af) provided Ap contains no copies ofM., and either 
no complex subalgebras, or at least one non-trivial (i.e. not C) complex subalgebra. 

Proof. (1) is direct. (2). Note that u{A) is a direct sum of simple Lie algebras o{ki),u{ki) 
and sp{ki) according to Fj = M, C,EI, respectively. All these matrix Lie algebras have a 
trace, and we observe that the matrices in o{ki) and sp{ki) are already traceless. For the 
complex case, we can write Xi G u(/cj) as Xj = + Zi where Zi = TrXj, showing that: 

u{ki) = 5u{ki) © u(l). 

The determinant condition in the definition of SU{A) translates at the infinitesimal level to 
the unimodularity condition Tr^p X = 0. Explicitly, this becomes 

^a,Tr(X,)=0 

i 

where are the multiplicities of the fundamental representations of Mfc-(Fj) appearing in 
Hp. Using the above property for the traces on simple matrix Lie algebras, we find that 
unimodularity is equivalent to 

c 

^akZk = 
1=1 

where the sum is over the complex factors {i.e. for which Fj = C) in A, labeled by zi, . . . , ic- 
This reduces the C abelian factors to C — 1 copies of u(l). □ 

Example 16. For the Standard Model spectral triple of Example^ (cf. Example^ this gives 
5u{Ap) =su(3) ©su(2) ©u(l), as desired Proposition 2.16] or [9i Proposition 1.185]/ 

Now that we have found the gauge group of an almost commutative manifold, let us 
determine the gauge fields that M x F naturally gives rise to through the differential one- 
forms. 

Proposition 17. The differential one-forms Q\)^^{A) on M x F allow for a direct sum 
decomposition: 

QUA)-Q\M,Ap)(BC^{M,Q],^{Ap)). 

where Q^{M,Ap) = Q^{M) © Ap. Moreover, the Ap-bimodule of differential one-forms 
Q\)^{Ap) is generated by A. 

Proof. This follows directly from the splitting 

D = Dm ^l + lM ^ Dp 

noting further that 7^ and jm are orthogonal with respect to the Hilbert-Schmidt inner 
product. 

The integral formula for A in Lemma [9] combined with the observation that [D, a] = [A, a] 
for all a & Ap shows that A is already a one- form; this shows that ApAAp C Q\)^{Ap). 
The same observation also shows that Q]~,^{Ap) C ApAAp. □ 
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Let us describe the linearly independent components of Q\)^{Af); inspired by the discus- 
sion in Krajewski |21j . 

An element G Q\)^{Af) is given by sums of elements of the form 

aAb = ^ aDeb. 



e:m 



3(e)— ™t(e) 



Since some edges induce linear operators D^. between the same representations of Ap., the 
above summands are not independent. In order to turn this into a sum over linearly in- 
dependent terms, the graph F introduced previously is quite convenient. Namely, given an 
edge e'in r connecting different vertices, we consider the linear span in Hom(C*'-^, C**^^) 
of all matrices Df. with e G ip~^(e). If {/|}p (p = 1, . . . , S-g) is a basis for S-g we can write 

(3) De = Y,Kfl^ev M^eC. 

p 

Note that the self-adjointness of D implies that M| = and f^^--^ = (/^(g))*- Adopting 



this form of D^, we can write 



eer(l):s(S)7^t(S) P 



\m3(e)="lt(e) / 



aflb. 



We denote the independent fields by 

which is an element in Hom(C^^^, C**^^). Thus, we can write a general element G VL\~i^{Ap) 
as 

e:m3(e)=mt(e) P 

We conclude that the number of independent components of (f) is 

s(e)t(e) dim S'e 

A corresponding orthonormal basis (orthonormal with respect to the Hilbert-Schmidt norm 
on Vl\,^{Ap) C End if i?) can be found by combining the indices e and p with the canonical 
bases of C**^^ and C**^^: we denote this orthonormal basis of Vl\)^{Ap) by {e/}/. 

The vertices of F label irreducible representations of Ap., and consequently of 5Xi{Ap). 
Thus, the fields 0~ carry the induced representation, that is, by conjugation of the source 
and target representations s(e) and t(e). 

Example 18. Consider the Krajewski diagram of the Standard Model (Figure The 
fields that appear connect the vertices 2 and 1, and 2 and 1 in T : they carry the induced 
representation o/u(l) ©su(2). In fact, this is precisely the Higgs doublet in the electroweak 
model, having 2 independent degrees of freedom. 
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Let us end this section by describing the inner fluctuations of the metric, induced by 
couphng D to gauge fields in Vl\){A). The origin of this can also nicely be described in terms 
of Morita self-equivalences of the algebra A (cf. P, Sect. 10.8]). 

We consider a self-adjoint element u + 7m0 £ ^dI-^); iii terms of the splitting in Propo- 



sition [17} The unimodularity condition on the gauge group is transferred to the gauge 
fields by demanding that Tipu = 0. Combining this with self-adjointness implies that 
u G Q^{M,isu{Ap)). This allows for an inner fiuctuation: 

D D + A + 7m$ 

where 

A = uj + e'JooJ'^ = i-f^'adUf,; $ = (f) + e'J(f)J~^. 



These formulas can be checked using the splitting of Proposition 17 



Remark 19. Note that a term such as Trp^"^ (with the trace over Hp) can he easily com- 
puted from the Krajewski diagram. Indeed, it corresponds to a sum over cycles in T of length 
I, for which the trace splits over a horizontal and vertical part: 



7=er--ei pi 



... 0^3^ 
i(ei) 



where we have denoted Ci = ip{ei) and (p- = 1 if e is a loop in T (i.e., if s(e) = t(e)). The 
coefficient is given essentially by 

c,,...,M ^ Mil . . . Mil 

in terms of the basis coefficients of D^, in Equation Moreover, the self-adjointness of ^ 
implies that the components 0~ satisfy: 

where we recall that e is the edge e with reversed orientation. 

This last Remark and its relation to the notion of R-connectedness of Definition [iT] will 
play a crucial role in the subsequent discussion on renormalization of the gauge field theories 
that correspond to M x F, which we will now define. 



3. Spectral action for almost commutative manifolds 

Starting with an almost commutative manifold M x F with Krajewski diagram F for F, 
we have now set the stage for a gauge theory on M. Summarizing, we have derived: 

(1) a gauge group SU{A) = C°°{M, SU{Af) with reductive (local) gauge algebra 5u(y4i?), 

(2) gauge fields A in the adjoint representation of this gauge group, 

(3) scalar fields with independent components 0g G Hom(V, W) with V and W irre- 
ducible representations of SU{Af), parametrized by the vertices s(e) and t{e) in the 
graph r. 

We search for gauge invariant action functionals. The most simplest, manifestly gauge 
invariant one is given the trace of a function of the fiuctuated Dirac operator [5l E]: 

SlA«):^T./(£±4±25£), 
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together with a real cut-off parameter A. Locally, we have 

D + A = ir{Vl + A^). 

with Vj^ the spin connection on a Riemannian spin manifold M and a skew-hermitian 
traceless matrix. The field $ is considered as a self-adjoint element in C°°(M, End if j?). 

For simplicity, we take M to be flat [i.e. vanishing Riemann curvature tensor) and 4- 
dimensional; we therefore write 75 = 7m- Furthermore, we will assume that / is a suitable 
Laplace transform: 

f{x) = [ e-'^'g{t)dt. 
Jt>o 

Proposition 20 ([B]). In the above notation, there is an asymptotic expansion (as A 00): 

(4) S[A, $] ~ 5^ A'-'^h-m [ am{x, {D + A + 75$)^), 

m>0 

in terms of the Seeley-De Witt invariants of {D + A + 75$)^. The coefficients are defined 
by fk:= Jt-'/'git)dt. 

Recall that the Seeley-De Witt coefficients a^ix, {D + A + 75$)^) are gauge invariant 
polynomials in the fields and $. Indeed, the Weitzenbock formula gives 

(5) {D + A + 75$)^ = -V^V^ - ^YYF,, - 75[^ + A, $] + $2 

in terms of the curvature F^^, = d^Ay—dyA^+[A^, A^] of A^ and = d^+A^. Consequently, 
a Theorem by Gilkey [121 Theorem 4.8.16] shows that (in this polynomial gauge 

invariants in F^^^, and the endomorphisms 

E = ^^YF^, + 15[D + A, $] - $2 

as well as their covariant derivatives (with respect to the connection A^). The order ord of 
am is m, where we set on generators: 

ordA^,;^2...^^ = k; ord$;^i...^^ = k + 1. 

Consequently, the curvature F^^ has order 2, and F^^^^.^^^...^^^ has order k. For example, 
a4(x,D^) consists of terms proportional to Tip F^^F^'^ and Ttf{(V fi^Y + $^)- Moreover, 
= for all odd m. In fact, we have: 

Theorem 21. The spectral action for the almost commutative manifold M x F is given, 
asymptotically as A ^ 00, by 

Sl^l - ^ Vo.(M, - ^ £ TV, 4^ + M £ TV, ((V,*)^ + *') 

- ^ f TtF F^F"" + 0(A-') 

where N = dimT^F- 
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From Remark 19 it follows that we have in terms of the — now x-dependent — components 
(f~ of $: 

(6) / Trp $2 = 5^ c,,,,(ee) j Tr.(^(0|^)*0f . 
Similarly, 

(7) j Tr^(V,<l>)2 = ^'v^v.iee) j Tr,(^(V,0r )* V^f 



e,pi,P2 

and finally, in terms of a sum over cycles in F: 



7=61626261 Pi 

7=i{ei)i(ei)e2e2 



, ..)l'/^g)*CTr,(,,)(</>|;)*/J, 

7=j(6i)e2j{6i)e2 P» 

where ei, 62 are horizontal edges in F. These expressions will become useful later on. 

The appearance of the Yang-Mills action and Higgs-like potential for $ at lowest order 
in the spectral action on M x F is the main motivation to study this model. As a matter 
of fact, if we take F to be described by Figure [2] and choosing the De to correspond to the 
physical Yukawa matrices, then one derives in this way the full Standard Model of elementary 
particles, including the spontaneous symmetry breaking potential for the Higgs field [Hin]. 

In the present paper, we aim at a better understanding also of the higher-order terms 
in the asymptotic expansion of the spectral action and in particular the role they play as 
regulators of the quantum gauge theory defined at lowest order. The free part of S[A, $] is 
by definition the part of S[A, $] that is quadratic in the fields 

(9) So[A,^] = —-^ {S[uA + vA,^] + S[A,u^ + v^]) 

^ u=v=0 

Theorem 22. There is the following asymptotic expansion (as A —> 00) for the free part of 
the spectral action on a fiat background manifold M 

So[A,^ r^-Yi-lff-2kA-'''(ck I Tr^F'''^A^(F^,) + 4 j Tr^(9^$)A^'(5/.'^') 

where A is the Laplacian on (M, g), F^,^ = dfj^A^, — d^A^ and Ck, df^ are the following positive 
constants: 

_ 1 + , _ 1 k\ 

~ 8^(2fc + 3)(2fc + l)!' ^'^ ~ 8^(2A; + 1)!' 

The free Yang-Mills part was obtained in [2S]. The free contribution for the scalar field 
$ can be derived along the same lines. Let us check the lowest order terms appearing in the 
above formula for 6*0 [A] with the Yang-Mills action appearing in [7j (cf. Theorem 21 above). 
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CoroUciry 23. Modulo negative powers of A, we have 
So[A,^ ^ -A^Tr^$2 ^ _L/(o)Tr^(5^$)(9^$) - A_ J^t,^ p^^p^^ + o(a-1). 

We see that yS'ofA, is the usual (free part of the) Yang-Mills action and a free scalar 
field action. In fact, we can write more concisely 

5o[A$]~--% f Tr^$2^ / TrF(a^$)^?A(A)(5^$)- / Tr^ F^,(^A(A)(Fn 
47r^ Jm Jm J 

in terms of the following expansions (in A) : 

k>0 
fe>0 

This form motivates the interpretation of Sq[A, $] (and of S[A, $]) as a higher-derivative 

gauge theory. As wc will sec below, this indeed regularizes the theory in such a way that 
S[A, $] defines a supcrrcnormalizable field theory. This comes with the usual intricacies 
of gauge theories with spontaneously symmetry breaking. Before proceeding with a gauge 
fixing and renormalization, we discuss the Higgs potential for 

3.1. Higgs mechanism and higher derivatives. Given the above Higgs-like form of the 
spectral action at lowest order in the asymptotic expansion, it is natural to expand the scalar 
field $ around its vacuum expectation value ($)o = v, which we assume to be constant. We 
write 

and refer to the fluctuations x ^ the Higgs field. The constant vacuum expectation value 
V will appear in S[A, $] as generating mass terms for the Higgs and the gauge fleld; this 
is spontaneous symmetry breaking (which might also not occur when v = 0). Since the 
asymptotically expanded spectral action is considered as a higher-derivative theory, the 
interpretation of mass terms is not so straightforward. Still, we can asymptotically expand 
the free part of S[A, $] as above: 

So[A,^^l[ TTp{d^x)M^Wx) + l f TtfxM^;v){x) 
^ J M ^ Jm 

+ 1 f (9^A«)(/PA(A)(aM- - d-'A-'^) + A^'^cp'^iA; vr\A\) 

We now in addition have terms involving expansions -i?'^ and which — as t^A and (/9a do 
— start with a differential operator of degree [i.e. a mass term). Besides derivatives, they 
also involve a series expansion in v. 

In addition to the above free part, the splitting ^ — v ^ x induces terms in 5" [A, $] that 
are linear in both A and x (and in v): 

(10) / Txj.[d,x)^^{A-v){{A\v\) 

Jm 
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where we have as above a expansion defined by: 

k>l>0 

and bkj{v) acts (pointwise) on End Hp and is of order 21 < 2k in v. We also write the 
components of in terms of the basis {e/}/ of Q]j^{Af) C End Hp introduced in the 
previous section: 

wa{x;v) = {zua{x;v)ij) 

With a shght abuse of notation, we write eo for the identity in End Hp, normahzed to have 
Hilbert-Schmidt norm equal to 1. 

For convenience, we introduce the following inner product: 

(11) (01,02)= / Tr^0It^A(A;t;)(02). 

on endomorphisms 0i, 02 G C°°(M, End if i?). Thus, the above term (10) reads (dfj_x, [A'^, v]). 

4. i?^-GAUGE FIXING 
We add a i?^-type gauge-fixing term with higher-derivatives of the following form: 

(12) Sgf[A<f] ~ ^1 TTp{d,A'^^-^x[T'',v])wA{A;v)id.A^^-^x[T^,v]) 



which is chosen so that the terms linear in both A and x cancel the cross-terms of (10). In 
terms of the inner product (11) we have more concisely: 

S,,[A, $] = 1 (9.A- - v^d.A^'^ - v]) 

where we consider df^A"'^{x) as an endomorphism of Hp {i.e. as a multiple of the identity). 

As usual, the above gauge fixing requires a Jacobian, conveniently described by a Faddeev- 
Popov ghost Lagrangian: 

(13) S,^[A,C,C,^ = (C^AC"-9^[A^C]"-e[C7,$][T^^;]) 

Here C, C are the Faddeev-Popov ghost fields which are g- valued fermionic fields: C = C'^T"' 
and C = C'^T". Accordingly, [C, $] := C"[T^ $]. 

Proposition 24. The sum S[A, ^] + Sgf[A, ^] + Sgh[A, C, C, $] is invariant under the BRST- 
transformations: 

sA^ = d,C+[A^,C]; s$ = -[C,<l>]; 

(14) sC = sC" = ^d.A'^^ - xT,v]. 

Proof. First, s{S) = because of gauge invariance of S[A, $]. Indeed, sA^ and s$ are just 
gauge transformations by the (fermionic) field C. 
For the gauge fixing and ghost terms, we compute 

s{S,i) = ^{d,A^^ - ^x[T'',v],-AC^ + d,[A'^,Cr + aa^][T'^,v]) 
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since sx = s{v + x) = s^. On the other hand, 



= {r%A'^^-x[T'',v],AC^-d,[A'^,Cr-aC,nT'',v]) 
which modulo vanishing boundary terms is minus the previous expression. 



□ 



Note that 7^ 0, which can be cured by standard homological methods: introduce an 
auxihary (aka Nakanishi-Lautrup) field h so that C and h form a contractible pair in BRST- 



cohomology. In other words, we replace the above transformation in Equation (14) on C by 
sC = —h and sh = 0. If we replace S'gf + S'gh by s"^ with an arbitrary gauge fixing fermion, 
it follows from gauge invariance of S and nilpotency of s that + s\I' is BRST-invariant. 
The above special form of Sg{ + S'gh can be recovered by choosing 

We derive the propagators by inverting the non-degenerate quadratic forms in the fields 
A, ^ and C given by So[A, $] + S'gf [A, This yields for the gauge propagator. 



p2 



ab 



The Higgs propagator becomes: 



D'\p,v-A) 



p'^zua{p'^; v)oo + iv'hi.P'^'^ v) 



IJ 



ab 



P^i^a{p^) + ^a(p^; v) + v) 



where 



Kp^; := TriT' ejlT", v]wa{p^; v)ej[T'', v] 



The ghost propagator is 



&\p,v;A) 



6 



ab 



p'^zua{p'^;v)oo' 



Remark 25. In [29] we argued that for the pure Yang-Mills system the function ip^ip^) 
appearing in the denominator of the propagator is nowhere-vanishing, provided we impose 
the conditions f^'^''\0) > on the even derivatives of f. Consequently, the gauge propagator 
did not have other poles than a physical pole at p"^ = 0. In the present case, where we allow 
for spontaneous symmetry breaking, such a conclusion can not be drawn. Typically, there 
will be unphysical poles ( involving ^ ) appearing in the gauge and also in the Higgs and ghost 
propagators. Since we will be mainly concerned with renormalizability in this paper, we will 
ignore these poles in what follows. Of course, a treatment of (the lack of) unitarity for this 
higher-derivative theory does require a careful analysis of these unphysical poles as well. At 



lowest order ( as in Theorem 21 ), one expects to find a cancellation of the unphysical poles 



appearing in the gauge and Higgs propagator, similar to [ITj . 
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5. Renormalization on an almost commutative manifold 



As said, we consider the asymptotic expansion (as A — t- oo) of the spectral action on the 
AC manifold M x F as a higher-derivative field theory. This means that we will use the higher 
derivatives of F^^ and $ that appear in the asymptotic expansion as natural regulators of 
the theory, similar to [SUES] (see also [IHl Sect. 4.4]). However, note that the regularizing 
terms are already present in the asymptotic expansion of the spectral action and need not 



be introduced as such. Let us consider the expansion of Theorem 22 up to order n (which 
we assume to be at least 4), i.e. we set f^-m = for all m > n while Ja, ■ ■ ■ Ja-u 7^ 0. Also, 



assume a gauge fixing of the form (12) and (13). 



Remark 26. Note that for n 
action appearing in 



4 the asymptotically expanded spectral action is given by the 



21 and strictly speaking not a higher- derivative gauge theory. However, 
in what follows it is convenient to also consider the case n = 4, giving us the physically 
interesting Lagrangian. 

Then, we easily derive from the structure of v^a(p^), ^a(p^) and ti7A(p^;f) that the propa- 
gators of the gauge field, the Higgs field and the ghost field, respectively behave as 
as \p\ — 7- oo. Indeed, in this case: 



n/2-2 



n/2-2 



k=0 k=0 

n/2-2 

W^{p') = J2 ^-''f-2k4{v)p 
k=0 



2k 



which behave like as \p\ — > oo. Moreover, 'd'^ip ] v) and {p'^{p ] v) are subleading in \p\ 

since they behave as f^lpl""^ as \p\ — )■ oo. 

Let us now consider the weights on the vertices in a Feynman graph (not to be confused 
with a Krajewski diagram). For gauge-Higgs interactions involving i gauge and j Higgs 
fields, the maximal number of derivatives is n — i — j, essentially because the total order of 
the corresponding term in the Lagrangian is less than or equal to n. Similarly, for the gauge- 
ghost interaction, the maximal number of derivatives is n — 3. Finally, the Higgs-ghost 
interaction behaves slightly better and has < n — 4 derivatives. We adopt the following 
notation: 





number of ... 




number of ... 


Ia 


internal gauge lines 




gauge-Higgs vertices 




internal Higgs lines 


Va 


gauge-ghost vertices 


I 


internal ghost lines 


Vx 


Higgs-ghost vertices 



Let us now find an expression for the superficial degree of divergence w of a Feynman 
graph. In 4 dimensions, we find in terms of the above notation at loop order L: 



U) 



<AL- lA{n - 2) - I^{n - 2) - /(n - 2) + ^ Vj{n - i - j) + VA{n - 3) + V^{n - 4). 

i+j=3 
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Lemma 27. Let E^, and E denote the number of external gauge, Higgs and ghost edges, 
respectively. The superficial degree of divergence of the Feynman graph satisfies 

uj<{A-n){L-l)+4-{EA + E^ + E). 

Proof. We use the relations 

n n 

2Ia + Ea= Y1 + + E^= J2 J^^j + ^x! 2J + E = 2Va + 2V^. 

i+j=3 i+j=3 

Indeed, these formulas count the number of half (gauge/Higgs/ghost) edges in a Feynman 
graph in two ways: from the number of edges and from the valences of the vertices. We use 
them to substitute for 21 a, 21^ and 21 in the above expression for cu so as to obtain 



<AL- I An -I^n-In + n Vij + Va + - {Ea + E^ + E) 



from which the result follows at once from Euler's formula L = + /^^ + / — ^ Vij — Va — 
V^ + l. □ 

As a consequence, u < Q ii E + E > A so that the theory is powercounting renormalizable. 
Moreover, if n > 8 then cu < for all L > 2: all Feynman graphs are finite at loop order 
greater than 1. In this case, all divergent graphs are at one loop, and satisfy E + E < 
4. We conclude that the asymptotically expanded spectral action on an AC manifold is 
renormalizable, and if n > 8 then it is superrenormalizable. 

Of course, the spectral action on an AC manifold being a gauge theory, there is more 
to renormalizability than just power counting: we have to establish gauge invariance of the 
counterterms. We already know that the counterterms needed to render the perturbative 
quantization of the asymptotically expanded spectral action finite are of order 4 or less in 
the fields and arise only from one-loop graphs. The key property of the effective action at 
one loop is that it is supposed to be BRST-invariant, s(ri) = 0. In particular, assuming a 
regularization compatible with gauge invariance, the divergent part Fi oo is BRST-invariant. 
We will use results from [HI [121 El [13] on BRST-cohomology for Yang-Mills type theories 
to determine the form of the BRST-closed functionals of order 4 or less in the fields. In 
fact, in these references a relation is established between BRST-cohomology and Lie algebra 
cohomology for the gauge group: BRST-closed functionals are given by integrals of gauge 
invariant polynomials in the fields. 



First, recall that with respect to the orthogonal decomposition of su{Ap) of Proposition 15 
we can write the curvature F^,^ = J^i^/iu with F^^ G u(fcj,Fj). Gauge invariant functionals 
are then given by 

(15) / TrF;,F^'^^ 



for all i. These terms appear, though with a common pre-factor, in Theorem [21 

Let us then consider the field $ with independ ent c omponents 0|, as labeled by the edges 
of the graph F introduced at the end of Section 2.1 The index p runs from 1, . . . ,dimS'g 



and the field 0g is in the representation of su{Ap) induced by the irreducible representations 
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that are given by s(e) and t(e) in F^"^. The most general form of a gauge invariant functional 
in the components of $ of degree 2 is given by 



(16) / Tr(02 



for all e,pi,p2- Note that these terms appear in Theorem 21 (cf. Equation (pi)). There is 



also a term of second order in $ involving covariant derivatives, it is: 
(17) [ Tr(V^C)*V^C. 



and is also present in Theorem 21 (cf. Equation ([7|)). 

Slightly more complicated is the search for the gauge invariant functionals that are quartic 
in the fields (f)~. In terms of the graph F, they are given by a combination of the following 
sums over cycles in F: 

(18) ^ E ^ Tr.(,,)=,(,,) 01 ... 01- Yl Tr.(^=,(^(0r )>r E Tr,(,,)=,(r)('^?)>|? 

7=61626364 7=ee ^'=ee' 

That is, all gauge invariant quartic polynomials in $ arise by taking traces along cycles of 
length 4 in F, and traces along pairs of cycles of total length 4. In the latter case, we exclude 
the possibility that the cycles 7 and 7' both connect to the vertex 1 or the vertex 1. In fact, 
the contribution arising from such cycles can be written as the trace along a single cycle of 
length 4, due to the fact that Tri : C — t- C acts as the identity. 

Example 28. Consider the following graph T: 

2 13 



The pair of cycles (21) (12) and (13) (31) give a contribution 

Tr 0(21)0(12) Tr 0(31)0(13) = (0(21)0(12))(0(31)0(13)) 

since (0(2i)0(i2)) <ind (0(3i)0(i3)) are elements in IIom(C, C) ~ C. Now, the concatenated 
cycle (21) (12) (13) (31) of length 4 gives the same contribution 

Tr 0(21)0(12)0(31)0(13) = (0(21)0(12)) (0(31)0(13)) 

for the same reason. 



Now, adopting Definition 11, if the Krajewski diagram F is R-connected (in dimension 4) 



the above traces can always be written in terms of cycles of length 4 in F which are precisely 



the terms that are present in Theorem 21 (cf. Equation (^). We conclude: 



Theorem 29. Let M x F be an almost commutative manifold with dimM = 4; suppose 
that Ap contains no copies 0/ M, and either no complex subalgebras, or at least one non- 



trivial complex subalgebra (cf. Proposition 15). Consider the asymptotically expanded spectral 
action up to order n > 4. 

// the Krajewski diagram describing the finite real spectral triple for F is R-connected in 
dimension 4, then the asymptotically expanded spectral action (with f^^-m = for all m > n) 
for M X F is renormalizable as a gauge theory. Moreover, it is superrenormalizable as a 
gauge theory if n > 8. 
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As a corollary, we find that the asymptotically expanded Yang-Mills spectral action is 
superrenormalizable (n > 8), as was previously shown in [30l|29]. Indeed, the spectral triple 
of Example |4] has Krajewski diagram 

N 



N 



which is R-connected in a trivial way. 



Similarly, Proposition 12 implies that the asymptotically expanded spectral action that 
at lowest order is the Standard Model, is renormalizable as a gauge theory. In particular, 
choosing n = 4 this implies that the Standard Model is renormalizable as a gauge theory. 

Example 30. Let us illustrate the possible failure of renormalizability for the Krajewski 



diagram in Example 13 which is not R-connected. There are fields 0(i2) and 0(i3) that could 
combine to give a gauge-invariant counterterms proportional to 

((0(12))*0{12)) ((0{T3))*0(T3)) 

However, this term can never appear in the asymptotic expansion of the spectral action, since 
the edges (12), (21), (13) and (31) do not lift to a cycle in T. 

Note that the asymptotically expanded spectral action is not multiplicatively renormaliz- 
able, since the coefficients in front of the counterterms might be different for different indices 



(such as e, and p). This is in contrast with the classical action in Theorem 21 where there 
is a typical unification of couplings for all simple factors of the gauge group. This suggests 
that one takes the spectral action S[A, $] (plus gauge fixing) as a starting point for the 
renormalization group fiow to then run the action to arbitrary energy scales. 

It is an open question whether this approach to renormalizing the asymptotically expanded 
spectral action using the intrinsic higher-derivative regulators is equivalent to perturbatively 



quantizing the gauge theory defined by the lowest-order terms (appearing in Theorem 21) 
using, say, dimensional regularization and minimal subtraction. Evidence that this might be 
true can be found in [23] and is the subject of future research. 
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